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Abstract: This paper deals with a multi-stage twO-person $\mathrm{z}\mathrm{e}\mathrm{r}\sim \mathrm{s}$um game called multi-stage
search allocation gayme(MSSAG) of a searcher and a target. The searcher distributes his searching
resources in a discrete search space in order to detect the evader. On the other hand, the evader
moves under energy constraint to evade the searcher. At each stage of the search, the searcher
is informed the target position and his consumed energy and the target knows the amount of
searcher’s resources used so far. A payoff of the game is the probability of detecting the target
during searching time. There have been few search game, which dealt with the MSSAG. We
formulate the problem as a dynamic programming problem. Then we solve the game to obtain a
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AL $K=\{1,$ $\cdot$ . . , $I\{’\}$ . ,
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, , $n=0$ ,




(1) $n$ , , $k$
. , ,
.
(2) , $k$ ,
. $k$ $N(k)\subseteq K$ . ,
, $j$ $\mu(i,j)$ ,




. $i$ $c_{i}>0$ .
$\Phi_{0}$ .
(4) , $x$ ,





, 1 , .
(5) $n$ , 1 $n-1$ .
A3. , $n=0$ .
, .
, . $k$ $e$
$N$ (k, $e$ ) , .
$N(k,e)\equiv$ { $i\in N(k)|\mu$ (k, $i)\leq e$ } (2)
$\{p(k, i), i\in K\}$ . , $p$ ( k, $i$ ) $\geq 0$
, $p(k, i)=0,$ $i\in K-N$ (k, $e$ ) , $\sum_{i\in N(k,e)}p$(k, $i$ ) $=1$ .
, .
$P_{k}(e)=\{\{p(k, i), i\in K\}|p(k, \cdot i)\geq 0,$ $i\in N(k, e),p(k, i)=0,$ $i \in K-N(k, e),\sum_{i\in N(k,e)}p(k, i)=1\}$ . $(3)$
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, $n$ $\{\varphi(i, n), \cdot i\in K\}$ . $\varphi(i, n)\geq 0$
, $\Phi$
. , $\sum_{i}c_{i}\varphi(i, n)\leq\Phi$ , $N$ (k, $e$ )
, $\Psi(\Phi)$ ,
.
$\Psi(\Phi)=\{\{\varphi(i, n), i\in K\}|\varphi$(i, $n$ ) $\geq 0,$ $i\in K,$ $\varphi$(t $n$ ) $=0,$ $i \in K-N(k, e),\sum_{i\in N(k,e)}c_{i}\varphi(i, n)\leq\Phi\}$ . $(4)$
$n$ $e$ $k$ $\Phi$
, $v(n, k, e, \Phi)$
$p(k, i)$ , $\varphi(i, n)$ $1-qi$ (\mbox{\boldmath $\varphi$}(i, $n$))
, , , ( , )
$(i, e-\mu(k, i))$ $\Phi-\sum_{i\in N(k,e)}c$i\mbox{\boldmath $\varphi$}(i, $n$) $n-1$
. , $v(n, k, e, \Phi)$
.




$+q_{i}( \varphi(i, n))v(n-1, i, e-\mu(k, i), \Phi-\sum_{i\in N(k,\mathrm{e})}c_{i}\varphi(i, n))\}$
$=1-$ $\min$ $\max$ $\sum$ $p(k, i)\{1-v$ ($n-1,$ $i,$ $e-\mu(k,$ $i),$ $\Phi-\sum$jcj $\varphi$(j, $n)$ ) $\}e^{-a_{i}\varphi(jn)}’$ . $(5)$
$\varphi\in\Psi(\Phi)p\in P_{k}(\mathrm{e})_{i\in N(k}$, $\mathrm{e})$
, $n=0,$ $\Phi$ =0 $v($ . $)$ .
$v(0, k, e, \Phi)=0$ , $v(n, k, e, 0)=0$ (6)
, $e=0$ $k$ ,
, $\Phi/c_{k}$ $\{n,\dot{n}-1, \cdots, 1\}$
, .
$v$ (n, $k,$ $0,$ $\Phi$ ) $=1-\exp(-\alpha_{k}\Phi/c_{k})$ (7)
$h$ (n, $k,$ $e,$ $\Phi$ ) $\equiv 1-v$ (n, $k,$ $e,$ $\Phi$ ) (5) , .
$h(n, k, e, \Phi)=$
$\min_{\varphi\in\Psi(\Phi)}p\in P_{k}(e)\max\sum_{:\in N(k,e)}p(k, i)h$
($n-1,$ $i,$ $e-\mu(k,$ $i),$ $\Phi-\sum$i $c_{\mathrm{j}}\varphi$(j, $n)$ )
$\mathrm{e}\mathrm{x}\mathrm{p}‘$ ( $-\alpha_{i}\varphi$ (i, $n)$ ). (8)
, .




. , $n$ $\Phi_{n}$.
.
$h(n, k, e, \Phi)=$
$\min_{0\leq\Phi_{n}\leq\Phi}\varphi\in\Psi_{n}\mathrm{n}1\mathrm{i}(\mathrm{n}_{\Phi_{n}})p\in P_{k}(\mathrm{e})_{i\in}$
N(k,e)
$\max$ $\sum$ $p(k, i)h(n-1, i, e-\mu(k, i), \Phi-\Phi_{n})\exp(-\alpha_{i}\varphi(i, n))$ . (10)
, $\Psi_{n}$ (\Phi n) .
$\Psi$n $(\Phi_{n})=\{\{\varphi(\acute{\iota},n),i\in K\}|\varphi(i, n)\geq 0,$ $\cdot i\in K,$ $\varphi$ (i, $n$ ) $=0,i \in K-N(k, e),\sum_{:\in N(k,e)}c_{i}\varphi$ (i, $n$ ) $=\Phi_{n}\}$
3 1
, $\Phi,$ $\Phi_{n}$ , (10) . ,




[11] , , .
1 , 1 $i$
, $\Phi_{n}$
, $[4, 7]$ ,
, ,
. $\varphi i$ $\varphi_{i}\geq 0,$ $i\in A,$ $\sum_{i\in A}c$i $\varphi i=\Phi_{n}$ ,
$p_{i}\geq 0,$ $i$ \in A, $\sum_{i\in A}p_{i}=1$ . ,
$\max\{p_{1}.\}\sum_{i\in A}p_{i}\beta_{i}\exp(-\alpha_{i}\varphi_{i})=\max_{i}\beta$ i $\exp(-\alpha_{i}\varphi_{i})$ (12)
, .
$\min\rho$
$s.t$ . $\beta$i $\exp(-\alpha_{i}\varphi_{i})\leq\rho$ , $i\in A$
$\sum_{i\in A}c_{1}.\varphi_{i}=\Phi_{n}$
$\varphi i\geq 0,$ $i\in A$
1 , 2 3 $\nu_{i}\geq 0,$ $\lambda$ , $\eta.\cdot\geq 0$ ,
Lagrangean
$L(\rho, \varphi;\nu, \lambda, \eta)$
$= \rho+\sum_{i}\nu$i $(\beta.\cdot\exp(-\alpha_{i}\varphi_{i})-\rho)$ $+ \lambda(\sum_{i\in A}c_{\dot{\iota}}\varphi_{\dot{l}}-\Phi_{n})-\sum_{1}$.
$\eta$i $\varphi$i
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, Karush-Kuhn-Tucker (K-K-T )
.
$\partial$L/$\partial\rho=1-\sum_{i}\nu i=0$ (13)
$\partial$L/$\partial\varphi i=-\alpha$i $\beta$i $\nu$i $\exp(-\alpha_{i}\varphi_{i})+\lambda$ C$i-\eta_{i}=0$ (14)
$\beta$i $\exp(-\alpha;\varphi_{i})\leq\rho$ (15)
$\sum_{i}c_{i}\varphi_{i}=\Phi_{n}$ (16)
$\varphi i\geq 0,$ $i\in A$ (17)
$\nu$i $(\beta_{i}\exp(-\alpha_{i}\varphi_{j})-\rho)$ $=0,$ $i\in A$ (18)
$\eta$i $\varphi i=0,$ $i\in A$ (19)
$\nu i\geq 0,$ $\mathrm{f}\mathrm{i}i\geq 0,$ $i\in A$ (20)
, $\rho>0$ $\lambda>0$ . .
. $\lambda=0$ , (14) $i$ $\alpha j\beta_{i}\nu$i $\exp(-\alpha_{i}\varphi_{i})\leq 0$ ,
(13) 1 $\nu i$ .
(19) , $\varphi_{i}>0$ $\eta_{1}$. $=0$ , (14) $\alpha i\beta_{i}\nu_{i}\exp(-\alpha_{i}\varphi_{i})=\lambda c_{i}$ .
, $\varphi|$. $=0$ , $\alpha i\beta_{i}\nu i\exp(-\alpha i\varphi i)=\alpha i\beta$ i $\nu i\leq\lambda ci$ . ,
.
$\varphi i=\frac{1}{\alpha_{i}}[\log\frac{\alpha\dot{.}\beta_{i}\nu_{j}}{\lambda c_{i}}]^{+}$ (21)
$[]$+ $[x]^{+}= \max\{x, 0\}$ . $\nu i>0$ , (18)
$\beta_{i}\exp(-\alpha \mathrm{i}\varphi i)=\rho$ ,
$\varphi i=\frac{1}{\alpha_{i}}\log\frac{\beta_{i}}{\rho}$ (22)
. , $\nu_{i}=0$ (14) $\eta_{i}>0$ , (19) $\varphi i=0$
. , $\varphi_{\dot{r}}>0$ $\nu i>0$ , 2 (21), (22)
$\nu i=\lambda ci/\rho\alpha i$ , $\rho\leq\beta_{i}$ $\rho>\beta_{i}$ (18) $\nu i=0$
, $\varphi_{i}=0$ . , .
$\varphi i=\frac{1}{\alpha_{i}}[\log\frac{\beta_{j}}{\rho}]^{+}$ (23)
(16) , $\rho$ .
$\sum_{i\in A}\frac{c_{i}}{\alpha_{i}}[\log\frac{\beta}{\rho}.\cdot]^{+}=\sum_{i,\rho\leq\beta_{j}}\frac{c_{i}}{\alpha_{i}}\log\frac{\beta_{i}}{\rho}=\Phi_{n}$ (24)
$\rho$ , $\rho$ $(0, \max_{i}\beta_{i})$
. , $0<\nu i$ $\nu=\lambda\dot{\iota}ci/\rho\alpha i$ , (13) $\sum_{i,\rho\leq\beta_{j}}\lambda_{\mathrm{C}_{1}}\cdot/\rho\alpha i=$




$\nu i=\lambda ci/\rho\alpha i$ , $\nu i$ 1
$\nu_{i}=\{$
$c_{i}/ \alpha_{j}/\sum_{j,\rho\leq\beta_{j}}c_{j}/\alpha_{j}1$ $i\in\{j\in A|\rho\leq\beta_{j}\}$
0,
(25)
, (24) , (23)
$\varphi$ .
{ } . , (12)
, $\beta_{i}<\rho$ $\varphi_{i}=0$ $i$ $p_{i}=0$ , , $p_{1}$.
$\min_{\varphi}\sum$ i $\beta_{i}$ $\exp$ ( $-\alpha j\varphi$i) , K-K-T
, $\varphi_{i}>0$ $\lambda c_{i}=$ $\alpha\dot{.}\beta_{\dot{\iota}}$ $\exp$ ( $-\alpha i\varphi$i) . (23)
$p_{*}$
. $=\lambda c_{i}/\rho\alpha j$ , $\sum_{i}p-1$ $p_{1}$. $=0$ , (25)
$\{p_{i}\}$ , $\nu_{i}$ , .
, (25) $p$: .
, 1 (10) $\min_{\varphi\in\Psi_{n}(\Phi_{n})}\max_{p\in P_{k}(}$ e)
, .
$h$ (n, $k,$ $e,$ $\Phi$) $=$ $\mathrm{m}$in $\rho(n, k, e, \Phi_{n})$ (26)
$\Phi_{n},0\leq\Phi_{n}\leq\Phi$
$A_{n}$ (k, $e,$ $\Phi_{n},$ $\Phi$ ) $\equiv$ { $i\in N($k, $e)|\rho\leq h(n-1$ , $i,$ $e-\mu$ ( $k,$ $i$), $\Phi-\Phi_{n})$ } , $\rho(n, k, e, \Phi_{n})$
$\rho$ .
$\sum_{i\in N(k,e)}\frac{c_{i}}{\alpha_{i}}[\log\frac{h(n-1,i,e-\mu(k,i),\Phi-\Phi_{n})}{\rho}]^{+}$ $=$ $\Phi_{n}$ (27)
, $\sum_{i\in A_{n}(k,\mathrm{e},\Phi_{n},\Phi)}\frac{c_{i}}{\alpha_{i}}\log\underline{h(n-1,i}$
, $e-\mu(k, i),$
$\Phi-\Phi_{n})\rho$ $=$ $\Phi_{n}$ (28)
, $n$ $\varphi^{*},$ $p$* .
$\varphi^{*}(i, n)=\{$




$c_{i}/ \alpha:/\sum_{j,\rho\leq\beta_{j}}c_{j}/\alpha_{j}$ : $i\in A_{n}(k, e, \Phi_{n}, \Phi)$
0,
(30)
, $h(1, k, e, \Phi)$ . $h(0, k, e, \Phi)=1$ , (8)
(11) 1 $\beta-=1$ ,
.
: $h(1, k, e, \Phi)=\exp(-\Phi/\sum_{j\in N(k,e)}c_{j}/\alpha_{j})$ (31)
: $\varphi(i, 1)=\Phi/\alpha_{i}/\sum_{j\in N(k,e)}cj/\alpha j$ , $i\in N$ (k, $e$ ) (32)




1 (i) 1Og $h$ (n, $k,$ $e,$ $\Phi$ ) $\Phi$ .
(ii) $h$ (n, $k,$ $e,$ $\Phi$) $e$ .
( ) (i) . , (31) $n=1$ .
, $h(n-1, k, e, \Phi)$ . (28) .
$( \sum_{i\in A_{n}(k,e,\Phi_{n},\Phi)}\frac{c_{i}}{\alpha_{i}})\log\rho=\sum_{:\in A_{n}(k,e,\Phi_{n\prime}\Phi)}\frac{\mathrm{q}}{\alpha_{i}}$
.
$\log h(n-1, i, e-\mu(k, i), \Phi-\Phi_{n})-\Phi_{n}$
$\Phi_{n}$ , $\log\rho$ . $h$ (n, $k,$ $e,$ $\Phi$) $>0,$ $\rho$(n, $k,$ $e,$ $\Phi_{n}$ ) $>0$
, (26) .
$\log h(n, k, e, \Phi)=\min_{\Phi_{n}0\leq\leq\Phi}\mathrm{l}\circ \mathrm{g}\rho$(n, $k,$ $e,$ $\Phi_{n}$ )
, $0\leq\alpha\leq 1,$ $\Phi^{1}>0,$ $\Phi^{2}>0$ ,
$\alpha\log h(n, k, e, \Phi^{1})$ $=$ $\min$ $\alpha\log\rho$ (n, $k,$ $e,$ $\Phi_{n}^{1}$ )
$0\leq\Phi_{n}^{1}\leq\Phi^{1}$
$(1-\alpha)\log h(n, k, e, \Phi^{2})$ $=$
$\min_{0\leq\Phi_{n}^{2}\leq\Phi^{2}}(1-\alpha)\log\rho$ (n, $k,$ $e,$ $\Phi_{n}^{2}$ )
, $0\leq\Phi_{n}^{1}\leq\Phi^{1},0\leq\Phi_{n}^{2}\leq\Phi^{2}$ $0\leq\alpha\Phi_{n}^{1}+(1-\alpha)\Phi_{n}^{2}\leq\alpha\Phi^{1}+(1-\alpha)\Phi^{2}$ ,
1Og $\rho(n, k, e, \Phi_{n})$ .
$\alpha$ 10g $h(n, k, e, \Phi^{1})+$ $(1-\alpha)\log h(n, k, e, \Phi^{2})$
$\geq_{\{\Phi_{n}^{1},\Phi_{n^{j}}^{2}0\leq\alpha\Phi_{n}^{1}+(}\min_{1-\alpha)\Phi_{n}^{2}\leq\alpha\Phi^{1}+(1-\alpha)\Phi^{2}\}}\{\alpha\log\rho$ (n, $k,$ $e,$ $\Phi_{n}^{1}$ ) $+(1-\alpha)\log\rho$ (n, $k,$ $e,$ $\Phi_{n}^{2}$ )}
$\geq_{\{\Phi_{n}^{1},\Phi_{n^{j}}^{2}0\leq\alpha\Phi_{n}^{1}+(}\min_{1-\alpha)\Phi_{n}^{2}\leq\alpha\Phi^{1}+(1-\alpha)\Phi^{2}\}}1\mathrm{o}$ g $\rho$ (n, $k,$ $e,$ $\alpha\Phi_{n}^{1}+(1-\alpha)\Phi_{n}^{2}$ )
$= \min_{\Phi_{n}\{;0\leq\Phi_{n}\leq\alpha\Phi^{1}+(1-\alpha)\Phi^{2}\}}1\mathrm{o}$g $\rho$ (n, $k,$ $e,$ $\Phi_{n}$ ) $=\log h(n, k, e, \alpha\Phi^{1}+ (1-\alpha)\Phi^{2})$
, $\log h$ (n, $k,$ $e,$ $\Phi$ ) $\Phi$ .
(ii) $e$ ,
. ,
, $h($ . $)$ 4 . ,
. $e<e’$ $N$ (k, $e$ ) $\subseteq N$ (k, $e’$) , (31) $n=1$
. , $h(n-1, k, e-\mu(k, i), \Phi-\Phi_{n})\leq h(n-1, k, e’-\mu(k, i), \Phi-\Phi_{n})$ $ffi\not\in$
, (3) $P_{k}(e)$ $\subseteq P_{k}$ (e’) , (10) ,
.
$h(n, k, e, \Phi)$
$<$ $\min$ $\min$ $\max$ $\sum$ $p(k, i)h(n-1, i,e’-\mu(k, i), \Phi-\Phi_{n})e-\alpha$:10,n)
$-\Phi_{n}$ ,o
$\leq\Phi_{n}\leq\Phi\varphi\in\Psi_{n}(\Phi_{n})p\in P_{k}(e’)_{i\in N(k,\mathrm{e}’)}$
$=h(n, k, e’, \Phi)$
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Q.E.D.
1 , $\log h$ (n, $k,$ $e,$ $\Phi$) $\Phi$ , $h$ (n, $k,$ $e,$ $\Phi$ )
, .
2 $n$ $k$ , $e$ , $\Phi$
$h$ (n, $k,$ $e,$ $\Phi$ ) , .
$h(n, k, e, \Phi)=$ -p$(-\Phi/\gamma_{n}(k, e))$ (34)
$k,$ $e$ $\gamma_{n}$ (k, $e$ ) $n$ $\Phi_{n}^{*}$ .
, } $\mathrm{e}$ { $\gamma_{n-1}$ (j, $e-\mu$ ( $k,j$ )), $j\in N($k, $e)$ } $\gamma_{n-1}$ (k1, $e-$
$\mu$ (k, $k_{1}$ ) $)\geq\gamma_{n-}1$ $(k_{2}, e-\mu(k, k_{2}))\geq$ . $..\geq\gamma_{n-1}(k_{m}, e-\mu(k, k_{m}))(m\#\mathrm{h}, N(k, e)\text{ })\mathrm{s}\text{ }|$N$(k, e)|)$
.
(i) $1> \sum_{i\in N(}$k,e) $ci/\alpha_{i}/\gamma n-1$ (i, $e-\mu(k,$ $i$)) ,




$\Phi_{n}^{*}$ $=$ $\Phi$ (36)
, $n$ $\varphi^{*}$ $(i, n)$ , $p^{*}(k, i)$ .
$\varphi^{*}(i, n)$ $=$ $\frac{\Phi/\alpha_{i}}{\sum_{j\in N(k,e)}c_{j}/\alpha_{j}}$ , $i\in N(k, e)$ , $(37)$
$p^{*}(k, i)$ $=$ $\frac{c_{i}/\alpha_{i}}{\sum_{j\in N(k,e)}c_{j}/\alpha_{j}}$, $i\in N(k, e)$ (38)
(ii) ,
$s_{n}^{*}= \min\{s|1\leq\sum_{\tau=1}^{s}\frac{c_{k_{\tau}}/\alpha_{k_{\tau}}}{\gamma_{n-1}(k_{\tau},e-\mu(k,k_{\tau}))}\}$ (39)
$s_{n}^{*}\in$ $\{$ 1, $\cdot$ . . , $m\}$ ,
$\gamma_{n}(k, e)$ $=$ $\gamma_{n-}1$ $(k_{s_{n}^{*}}, e- \mu(k, k_{s_{n}^{*}}))(1-\sum_{\tau=1}^{s_{n}^{\mathrm{r}}-1}\frac{c_{k_{\tau}}/\alpha_{k_{\tau}}}{\gamma_{n-1}(k_{\tau},e-\mu(k,k_{\tau}))})+\cdot\sum_{\tau=1}^{s_{n}-1}\frac{c_{k_{T}}}{\alpha_{k_{\tau}}}$ (40)
$\Phi_{n}^{*}$ $=$ $\frac{\eta_{n-1}(k,s_{n}^{*},e)}{1+\eta_{n-1}(k,s_{n}^{*},e)}\Phi$ (41)
, n}
$\varphi^{*}(i, n)$ $=$ $\frac{\Phi/\alpha_{\dot{\iota}}}{1+\eta_{n-1}(k,s_{n}^{*},e)}(\frac{1}{\gamma_{n-1}(k_{s_{n}}\cdot,e-\mu(k,k_{s_{n}^{*}}))}-\frac{1}{\gamma_{n-1}(i,e-\mu(k,i))})$ ,
$i\in\{k_{1}, \cdots, k_{s_{n}}\cdot\}$
$=$ 0, , (42)
$p^{*}(k, i)$ $=$ $c_{1}./ \alpha i/\sum_{\tau=1}^{s_{n}^{*}}c_{k_{\tau}}/\alpha_{k_{\tau}},$ $i\in\{k1, \cdot. . , k,rightarrow\}$
$=$ 0, (43)
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, $\eta_{n-1}$ (k, $s,$ $e$ ) ,
$\eta_{n-1}(k, s, e)\equiv\frac{\sum_{\tau=1}^{s-1}c_{k_{\tau}}/\alpha_{k_{r}}}{\gamma_{n-1}(k_{s},e-\mu(k^{n},k_{s}^{-}))}-\sum_{\tau=1}^{s-1}\frac{c_{k_{\tau}}/\alpha_{k_{\tau}}}{\gamma_{n-1}(k_{\tau},e-\mu(k,k_{\tau}))}$
. , $n=1$ $\gamma(\cdot)$ .
$\gamma$1 $(k, e)= \sum_{j\in N(k,\mathrm{e})}c_{j}/\alpha_{j}$ (44)
( ) $n=1$ (31) , (34), (44) . , $\log h(n-1, i, e, \Phi)=$




$h$ (n, $k,$ $e,$ $\Phi$) (26) $\rho$ , $y$ ,
.
, t)\mbox{\boldmath $\nu$} $N$ (k, $e$ ) $i$ $\gamma_{n-1}$ (i, $e-\mu$ ( $k,$ $i$)) . , $\gamma_{n-1}$ ( k1, $e-$
$\mu(k, k_{1}))\geq\cdots\geq\gamma_{n-1}$ (km’ $e-\mu(k,$ $k$m)) . $s\in$ $\{1,2, \cdots, m-1\}$ ,
$\frac{\Phi-\Phi_{n}}{\gamma_{n-1}(k_{s},e-\mu(k,k_{s}))}\leq y\leq\frac{\Phi-\Phi_{n}}{\gamma_{n-1}(k_{s+1},e-\mu(k,k_{s+1}))}$ (46)
$y$ , (45) .
$\sum_{\tau=1}^{s}\frac{c_{k_{\tau}}}{\alpha_{k_{\tau}}}y=\sum_{\tau=1}^{s}\frac{c_{k_{\tau}}/\alpha_{k_{\tau}}}{\gamma_{n-1}(k_{\tau},e-\mu(k,k_{\tau}))}\Phi+(1-\sum_{\tau=1}^{s}\frac{c_{k_{\tau}}/\alpha_{k_{\tau}}}{\gamma_{n-1}(k_{\tau}^{\wedge},e-\mu(k,k_{\tau}))})\Phi_{n}$ (47)
(46) $y$ , $\Phi_{n}$
.
$\frac{\eta_{n-1}(k,s,e)}{1+\eta_{n-1}(k,s,e)}\Phi\leq\Phi_{n}\leq\frac{\eta_{n-1}(k,s+1,e)}{1+\eta_{n-1}(k,s+1,e)}\Phi$ (48)
(48) $\Phi_{n}$ $s=1,$ $\cdots,$ $m$ -l . , (47) $y$
, $\Phi_{n}$ $y$ ,
. ymL x’ymR x .
(49)$y_{\max}^{L}$ $=$ $\Phi/\{\gamma_{n-1}(k_{s}, e-\mu(k, k_{s}))(1-\sum_{\tau=1}^{s-1}\frac{c_{k_{\tau}}/\alpha_{k_{\tau}}}{\gamma_{n-1}(k_{\tau},e-\mu(k,k_{\tau}))})+\sum_{\tau=1}^{s-1}\frac{c_{k_{\mathcal{T}}}}{\alpha_{k_{\mathcal{T}}}}\}$
$y_{\max}^{R}$ $=$ $\Phi$/$\{\gamma_{n-}$ I $(k_{s+1}, e- \mu(k, k_{s+1}))(1-\sum_{\tau=1}^{s}\frac{c_{k_{\tau}}/\alpha_{k_{\mathcal{T}}}}{\gamma_{n-1}(k_{\tau},e-\mu(k,k_{\tau}))})+\sum_{\tau=1}^{s}\frac{c_{k_{\tau}}}{\alpha_{k_{\tau}}}\}$
, (46) 2 .
(i) $0\leq y\leq(\Phi-\Phi_{n})/\gamma_{n-1}$ (k1, $e-\mu$ ( $k,$ $k$1)) , (45) $\Phi_{n}=0$ $\Phi_{n}$
, $\eta_{n-1}$ (k, 1, $e$ ) $=0$ , $s=1$ (48)
.
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(ii) $(\Phi-\Phi_{n})/\gamma_{n-1}$ ( km’ $e-\mu(k,$ $k_{m})$ ) $\leq y$ , \Phi \eta 1 ( k, $m,$ $e$ ) $/$ ( $1+\eta_{n-1}($k, $m,$ $e)$ ) $\leq\Phi_{n}\leq\Phi$
$\Phi_{n}$ , $y$ (47) $s=m$ .
$\Phi_{n}=\Phi$ , $y$ $\Phi/\sum_{i\in N(k,e)}ci/\alpha_{i}$ .
(47) , $y$ $s=1,2$ , $\cdot$ .. ,
, . , $h$ (n, $k,$ $e,$ $\Phi$)
(34) , $\gamma_{n}$ (k, $e$ ) (40) (35) . ,
$n$ l $\Phi_{n}^{*}$ (36) (41) . , $\Phi_{n}^{*}$
, (23) (25) $\beta_{1}$. $=h(n-1, i, e-\mu(k, i), \Phi-\Phi_{n}^{*}),$ $\rho=h$ (n, $k,$ $e,$ $\Phi$)
, $\varphi^{*}(i, n)$ , $p^{*}(k, i)$ (37),(38), (42),(43) .
Q.E.D.
$\gamma_{n}$ (k, $e$ ) (44) , (9) $h(0, k, e, \Phi)=1$ (34)
, $(k, e)$ $\gamma 0$ (k, $e$ ) $=\infty$ . , $n=1$ 2 (i)
$(k, e)$ . , (35) $\gamma_{1}$ (k, $e$ ) (44) .
, $\gamma_{n}$ (k, $e$ ) $n=0$ .
$\gamma$0 $(k, e)=\infty$ (50)
2 , $\gamma_{n}$ (k, $e$ ) , (49) , $y= \Phi/\sum_{i\in N(}$k,e) $ci/\alpha i$
,
$G_{n}(k, e, s)\equiv\gamma_{n-}1$ $(k_{s}, e- \mu(k, k_{s}))(1-\sum_{\tau=1}^{s-1}\frac{c_{k_{\tau}}/\alpha_{k_{\tau}}}{\gamma_{n-1}(k_{\tau},e-\mu(k,k_{\tau}))})+\sum_{\tau=1}^{s-1}\frac{c_{k_{\tau}}}{\alpha_{k_{\tau}}}$ (51)
.
$\gamma_{n}$ (k, $e$ ) $= \min[_{s\in\{}\min_{1,\cdots,m\}}G_{n}(k, e, s),\sum_{i\in N(k,e)}\frac{c_{i}}{\alpha_{i}}]$ (52)
, 2 , { $\gamma_{n-1}$ (i, $e-\mu$ ( $k,$ $i$ )), $i\in N($k, $e)$ }
$N$ (k, $e$ ) $\text{ }$ )$\mathrm{s}$ $\{k_{1}, k_{2}, \cdots , k_{m}\}$ , ) $e$ $k\in N$ (k, $e$ )
, $\tilde{s}_{n},$ $1\leq\tilde{s}_{n}\leq m$ $k=k_{\tilde{s}_{n}}$ . , $\sim \mathrm{b}\mathrm{K}$\mbox{\boldmath $\nu$} $k$ $\gamma_{n-1}$ (i, $e-\mu$ ($k,$ $i$))
, $k$ . , 1 $\tilde{s}_{n}$ , $\gamma_{n-1}(k_{\tilde{s}_{n}},$ $e$ -
$\mu(k, k_{\tilde{s}_{n}}))>\gamma_{n-1}(k_{\tilde{s}_{n}-1}, e-\mu(k, k_{\tilde{s}_{n}-1}))$ . $\gamma_{n}()$
.
1(i) $h()$ , $\gamma()$ , $n$ . ,
$h(n, k, e, \Phi)$ $\geq$ $h(n+1, k, e, \Phi)$ (53)
$\gamma_{n}(k, e)$ $\geq$ $\gamma_{n+}1$ $(k, e)$ (54)
(ii) 2 $\gamma_{n-1}$ (ks’ $e-\mu$ ($k,$ $k$s)), $s=1,$ $\cdots,$ $m$ ,
$n$ . ,
$\gamma_{n}(k_{s}, e-\mu(k, k_{s}))\geq\gamma_{n+}1$ $(k_{s}’, e-\mu(k, k_{s}’)),$ $s=1,$ $\cdots$ , $m$
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(iii) $(k, e)$ 2 (ii) , $k=k_{\tilde{s}_{n}}$
.
$\tilde{s}_{n}=s_{n}^{*}=1$ , $\overline{s}_{n}$ $<s$: (55)
( ) (i) (34) 2 (53), (54) ,
. (9), (31) , $n=0$ . , $i,$ $e,$ $\Phi$
$h(n-1, i, e, \Phi)\geq h$ (n, $i,$ $e,$ $\Phi$) , $\{\varphi j,j\in K\}\in\Psi(\Phi)$
$h$ ($n-1,$ $i,$ $e-\mu(k,$ $i),$
$\Phi-\sum_{j}c_{j}\varphi$
j) $\exp(-\alpha_{i}\varphi i)\geq h$ ($n,$ $i,$ $e-\mu(k,$ $i),$
$\Phi-\sum_{j}c_{j}\varphi$
j) $\exp$ ( $-\alpha_{i}\varphi$i)
, (8) $h$ (n, $k,$ $e,$ $\Phi$ ) $\geq h(n+1, k, e, \Phi)$ .
(ii) , $s$ $\gamma_{n}$ (ks’ $e-\mu(k,$ $k_{s})$ ) $<\gamma_{n+1}(k_{s}’, e-\mu(k, k_{s}’))$ . (54) ,
) { $k_{s+1},$ $\cdots,$ $k$m} $\text{ }$ ) $\mathrm{s}$ $\{k_{1}’, \cdots , k_{s}’\}$ . , $\{k_{s+1}, \cdots, k_{m}\}$
$\{k_{s+1}’, \cdots, k_{m}’\}$ . , $k_{s}$ *)v $\{k1, \cdots , k_{s}’\}$
, $\gamma_{n}$ (ks’ $e-\mu(k,$ $k_{s})$ ) $<\gamma_{n+1}(k_{s}’, e-\mu(k, k\mathrm{S}))\leq\gamma_{n+1}(k_{s-1}’, e-\mu(k, k_{s-1}’))\leq\cdots\leq$
$\gamma_{n+1}(k_{1}’,$ $e-\mu$ ( $k,$ $k$D) (54) . $\gamma_{n}$ (ks’ $e-\mu(k,$ $k_{s})$ ) $\geq\gamma_{n+1}(k_{s}’,$ $e$ -
$\mu(k, k_{s}’.)),$ $s$ =1, $\cdot$ .., $m$ .
(iii) $\tilde{s}_{n}>s_{n}^{*}$ ,
$\gamma_{n}(k, e)$ $=$ $\gamma_{n-}1$ $(k_{s_{n}}\cdot, e-\mu(k, k_{s_{\hslash}^{l}}))+\gamma_{n-1}(k_{s_{n}}\cdot, e-\mu(k, k_{s_{\hslash}^{*}}))\eta_{n-1}(k, s_{n}^{*}, e)$
$\geq$ $\gamma_{n-}1$ $(k_{s_{n}}\cdot, e-\mu(k,k_{s_{n}^{*}}))>\gamma_{n-1}$ ( $k_{\overline{s}_{\hslash}}$ , $e-\mu$ (k, $k_{\tilde{s}_{n}})$ ) $=\gamma_{n-1}(k, e)$
, (i) . , $\tilde{s}_{n}\leq s_{n}^{*}$ . $\tilde{s}_{n}=s_{n}^{*}$ , $1<\tilde{s}_{n}$
, , $\gamma_{n}$ (k, $e$ ) $>\gamma_{n-1}(k_{\overline{s}_{n}}, e-\mu(k, k_{\tilde{s}_{n}}))=\gamma_{n-1}$ (k, $e$ ) .
, $\tilde{s}_{n}=s_{n}^{*}$ , $\tilde{s}_{n}=s_{n}^{*}=1$ . Q.E.D.




. $c_{i}$ , $\alpha i$ t)
, $c_{i}/\alpha_{i}$ “ ” . (30) ,
. $n$
$\{k_{1}, \cdots, k_{s_{n}}\cdot\}$ $\gamma_{n-1}$ $($ . $)$ , $\Phi$
. $n$ $\Phi_{n}^{*}$ $\gamma_{n-1}(\cdot)$
, ,
.
, 1 (i) ,




, . (i) ,
. , (i) (52) $\sum_{i\in N(}$k,e) $c_{i}/\alpha_{i}\geq\gamma_{n}$ (k, $e$ ) $\geq\gamma_{n}+1$ (k, $e$ )
, 2 (i) ,
$(k, e)$ (i) , $n$
, (i) (ii) ,
, (i) . , (ii)
, , $N$ (k, $e$ )
, (32), (33) , $n=1$
. , 1(iii)
, $k$ .
, 2 . (34) , (8)
.
$h(n, k, e, \Phi)=\min_{\varphi\in\Psi(\Phi)}p\in P_{k}(\mathrm{e})\max\sum_{i\in N(k,e)}p(k, i)\exp(-\frac{\Phi-\sum jc_{j}\varphi(j,n)}{\gamma_{n-1}(i,e-\mu(k,i))}-\alpha i\varphi(i, n))$
*) , $\{\varphi(i, arrow, i\in K\}$
$\exp${ $-( \Phi-\sum_{j}c$j\mbox{\boldmath $\varphi$}(j, $n))/\gamma_{n-1}($i, $e-\mu(k,$ $i))-\alpha i\varphi$ (i, $n)$ }
, $h$ (n, $k,$ $e,$ $\Phi$ ) , {$p($k, $i),$ $i\in N($k, $e)$ }






3 , (5), (6), (7) $v(n, k, e, \Phi)$
, , (8), (9) $h$ (n, $k,$ $e,$ $\Phi$ ) .
5
, . ,
, (34) , $\Phi/\gamma_{n}$ (k, $e$ )
$\gamma_{n}$ (k, $e$ ) .
$K=$ $\{1,2, \cdots, 10\}$ ci, $\alpha i,$ $i\in K$ 1 . $\gamma$
$ci/\alpha i$ ,
, . , 1, 2, $\cdots,$ $10$
, 2 ($N(k)=\{k-2,$ $k$ -
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1, $k,$ $k+1,$ $k+2$ } $\cap K$), , 2
$(\mu(i, j)=(i-j)^{2})$ .
1
12 3 4 5 6 7 8 9 10
$c_{i}$ 1 0.5 2 0.4 3 2.5 1.5 3.5 4 6
$\alpha$i0.5 0.3 0.1 0.05 0.2 0.7 0.45 0.4 0.2 0.9
$ci/\alpha_{1}$. 2 1.67 20 8 15 3.57 3.33 8.75 20 6.67
, 8 $k=4$ 3.33 $k=7$ , $e=9$ $e=1$
2 $\gamma$ . 2 $(k, e)=(4,9),$ $(7,9)$
, 2 $(k, e)=(4,1),$ $(7,1)$ . $e$ ,
,
2 $\gamma$ . , ,
$k=7$ , 2
























, one-sided , (24)
. , ,
, 2
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